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Introduction 


There are sosne mathematical obtecc; whose beauty everyone is ahl-c 
to appreciate. The regular polygon* and polyhedra -are good ex- 
amples — these figures arc surpassed ::i perfection only by ebc circle 
and the sphere. Then thetc is Pythagoras's theorem, a. cornerstone of 
rhe right-angled worlds we build for ourselves, and perhaps the conic 
sections, which describe che orbits of celestial bodies. 

Very few people appreciate more than some elementary a^peers of 
mathematical beauty, much of it revealing itself only m mathe- 
maticians in rhe scudy and creation of intricately crafted proofs, harely 
ivithin The reach of the most highly trained human minds. 

As a ma th e mat id an, l declare chat E have established the truth of a 
theorem by writing at the end of iis proof the three letters (J.E.D.. an 
abbreviation for the Larin phrase qu ad n-yf iffmcrismBtiiitit, which 
translates as “what had ro be proved " On the one hand. CJ.E.D. Ls a 
synonym for truth and beauty m mathematics; on the other hand, it 
represents the seemingly inaccessible side of this ancient science. 

QE.n. can, hffwfvrr, also be found at rhe end of some simple, 
striking, and visually appealing proofs TLls little book presents a 
journey through a collection of these wondrous gems, exploring the 
ideas behind mathematical proof on the tvay, written foi all those 
who are interested in the beauty of mathematics hidden below the 
surface. 
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Treacherous Truth 

wkn f proofs are all about 


Theorem; 


1 3 


Jn mathematics, 35 in the physical sciences, we mat run an experiment: 

cn check a few cases tn CO E tie up V^’ich a conjectuie for n therereni. 

However, m mithtiM.jr.iLi experiments cannot replace proof. no mairer 
how ii.irnr.il :njd obsioUS tilt COlljeCWe ii [hat (hey support Tor example, 
[he maximum number of regions defined by t, 3 , 3 , 4 . 3 , and fi poitus 
on a cbdt (MdiiA b 1 , 2 , 4 . S. I fi, .Slid . . . 3 - 1 , not 32 ! 

Or, take the famous Goldbacb conjecture. which e Harms that ever, 
es-m number greater chan two is the sum of two prims numbers as. tor 
example. 12 = 5 + 7 Of 3il = 23 + 7 Although tins LOnjSCIute has- been 
cheeked for many mil lions of cases, unless a pmuf Li found, wc cannot he 
sure diac the iieyt case we check won’t show diot the conjecture is false. 

l J roofe should be as shorr, transparent, dtgsut, and insightful as po+- 
iible. Our proof (apposite, fnp) th.it the numbei ti.999 . . . (with infin- 
icelv many 43 is equal to I is ot this kind, and its mam argument can be 
easily adapted to to live tT any decimal number with one or those slightly 
wonrysome infinrrety repeating tails into a number we ate mote 
comfortable with I he pnjyf that the indented chessboard, cannot be 
died with dominoes (vpptniiv, mm-r/ is another example Of course, the 
argument here applies to many nfhet mutilated chessboards 


Proofs x = 0,9&9. rr . Theft 

1 0 r= 9 .m, 

K = 0.999... 

= 9 x- 9.000... 

Thue x = 1.000,., 

0- E.P, 
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Pythagoras’s Theorem 

a proof by dissection 


The- 'J iieurem of Pythagoras (■:.?. 560-475 b C-L j starts that Ln a nghr- 
anglod tnaneje die square on eh? hypotenuse, or loti ^ side, is equal so 
the sum of the squares on the Other two sides (fljJJJLtfiA'i JCp). Nowadays 
thu-. l> writrtn algebraically as ■+ h 2 — i 2 . 

Ihtuuj 1 : Arrange four idenciLj.1 right-angled triarngjlw with yde-. J. f'. 
and i in a large square of side ? + b, leaving two square spares, with suits 
a and b. respectively {gppaptr, unitr ic/r). The four manges, east also be 
arranged in this large yquiTL- to leave a central square spare with ssde r 
(opposite, reuter right), tn both eases the contained squares tquJ the large 
square minus four umes the triangle. Therefor? the sum of die two 
smaller squares* a- + 1> J , equals the laTger square, r Q.ID. 

Conversely, and this requites an extra proof, if n triangle's sides are 
related as above, THEN it is right-angled, rntegprt that satisfy the 
equality j~ + b 2 - e 2 ate known as Pythagorean triples. An ancient 
construction of a nght angle from a loop of string with 3 + 4 + 5 * 12 
equally spuoed knots is based on the triple 3.4.5 jfbtTutsa, Uji) A 
Babylonian oby tablet. Plimpton 322, lists integer pairs corresponding 
to Pythagorean triples (Mow, n^r), which suggests chat our general 
theorem nnv well have been known long hefbre Pythagoras 
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Plane and Simple 

your basic theorem toolbox 


The Htmems or' Euclid {ca J25-26S nt.t.) long ago set the standard lor 
mathematical rigor, and, b*mg a popubt textbook ever since. much of 
ics conteim ha? bcim absorbed i m c o cur common culmral heris-ige. 

Over cite course id" thirteen books. Euclid built up a complex network 
or theorem? ut" evcMtieteisiiag depth, connected hy logical arjpnne?ns, 
and rooted in mmE intuitive facts. called #xwiw or jm?JrjfirjLj. To be 
prepared lor the rest of dsis book, starr wLihi the four sample results on 
page ?, nght, sued. following the arrows. dedticc the theorems on. the left. 

Y iiLi also need to be able to recognize the two main levels of sameness 
of triangles. T wo triangles a re dmrJW if they have e^uat angles. Since 
two angles in a triangle determine the third, you know di.it two tri- 
angles arc similar if you can show that chav share two angles. Two 
mangles arc LLirjjjnfcrii 1 if rhey have equal side?. Thu is die case whenever 
one of rho five configurations of three sides and angles drawn solid 
below are present in both mangle? Fur example, the two gray triangle? 
Its the diagram (Men 1 , d^frr) sham one sui.h eortfiguradon consisting of 
the two side *- 1 and rai and one right angle and are therefore congruent 
Hence the two tangent segments .s arid r to the circle from thr point 
outside have the same length. 
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From Pie to Pi 

mysteries of the circle 


Etaresrhene'- (2%- i '■JJ iixib.) is famous tor his puu pe method lor 
caktdaring the n reunite re nee of rhe Earth. based nn Lhe distance srom 
Alexandria ro Sytmi: uni the shadow angle it Wraadiii ir i rime when 
die sun shone dossal a deep well m liiyene, throwing no shadow there 
Using the formula o « it dtAmtter t - rirtfr rirnfnrfcn'jnfe, he aho calculated 
rhe Earth's diameter. Fominaiely, his pen pal Arc liLmcdea (2(17- 2 ] 2 & C f ) 
cess able to prove a good estimate fo t the elusive val ue of ir 
Since „t is the cm7umferen.ce of n circle of diameter ]. it will be greater 
chan rhe cited inference of ,iny inscribed and less than that of any 
dTcvmsfrihed regular polygon (e/ijwjrft-, jup). The more sides such ± 
polygon has, "he clejser lcs drcumfereiice will be ro that ot rhe circle. 
Luckily, :l is easy ro cakulare from rhe circumference of one mjlIi, 
polygon the circumference of a polygon of the same kind with double 
the number of -^ides- (opposite, umiet). Starring with Tegular hexagons, 
Arthknedes successively calculated the circumferences of regular 12-, 
24 -, 4S- and ^b-gons to capture t between 3s. and "Phe last oe 
these values equals y and is used even today in many sifouoJ books 
instead of the true value of it- Using squares instead nf hexagons, a 
formula tor approximating .e emerges (c^persf re, Jw(Rvk) . 
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Cavalierj’s Principle 

a proof by approximation m slices 


TSLtfc are t vo version! of die celebrated principle named after Hom- 
ventura Cavjlicn {159S-1647) For plane figures it says [Em IF every 
hi !rm iiLi.il line intersects two such figures in cues of equal Icn^rh, them 
[ he two figures wjJL K»vk equal area Similarly, 11 every hcmronul plane 
interKett two solids in cuts uf equal area, then die nvo sol ids will have 
equal volume. 

An outline of the proof by approidmatLotL in slices, which is the same 
Ibr both principles, is given on the opposhe page C.avalicri < principle 
[MjvooJ e.vj.mple of "divide (into manageable pieces) and conquer" in 
mathematic n for example. in the pL*ne version, se e rcdnce die difficult 
problem of calculi ting areas to the caneT problem of measuring the 
lengths of hue segments- 

Ij-rh.iv.- are sonic important area and volume fimruslas easily derived 
using CavahenA principle. 


.rrm ^inifT-l’iir ’ni . .etc,] rn .'a'lf.b il'all dvAnw hsw art. I - llWf rtnahl 
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Cavalier Cone Carving 

serious dissection in action 


Come i come in all sorrs of shape? and Hies: Piles of sand, bmpe-t shells, 
py ramuit j rhuich spires. crystal ups and imicom horns jk ill examples of 
eones Every cone his & vertex .usd a base, which can he any plane figure 
Imagining the vertex as a btfacoas. a point is in the cone Lf its aliadou 
is in she base. Let us prove that the formula for the volume of a cone 
is \ W tint] Jil-i^iA implying the volume formula below. 

A little shadow play (cyipiufre, d uja j illustrates That all cones of the same 
height and base area are ■. ut by any horizontal plane In dices ot equal 
area. Now, CLaWicri'? principle (see /JfljijL’ ICfy tells o'. tlu.i alt rhe'-e cones 
have the same volume. It thereto re enough calculate the voluim 

of one of the'-e cones such as that of the right-angled pyramid [cppoiitr, 
nfi/rdT). This *nd the other two pyramids combine into the triangular 
pistil. Since all three pyramids have eqt^l volume, this volume is one 
child of the volume uf" (Ilc prism, Q.ELA 
To cut a cube into six triangular pyramids of equal volume, first shoe 
it wirfi a diagonal plane into rwo Triangular prisms and then sbre tbnre 
(as above: into three pyramids each Or cut die cube into three identical 
■■quaTe pyramids (epjhHtre r ftafficwr) and then slice each ot those mtu a 
pyramid JA and its minor image There hs pieces nude &om paper 
make a nice pmle. 


- \ 
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A Frustrating Frustum 

horses and moat walls 


Many ancient mamutripts contain algorithms fot calculating [he areas 
or volumei of geometric figures.. but nor .ill formulas used by [hi; an- 
tLi;iiP wen* correct According to a Babylonian sou rce, Hht; volume 
of a_fiwUhiYi, lit truncated square pyramid, was ( + wheruai [he 

Egyptian Rfomd papyrus fo=- 1 tU.Hiu.Of,} indicates the descendants nfthc 
pyramid budder* were using foe correct vers for ^(.i- + jIi + 1 '^ 

One or' the oldest surviving Chinese mathematical treatises. Ji»z- 
.WjrJlii * -ti {Ariibmctrt ijr .Vine Ci:,ipr<r.i. Cl. 50 H.CE.i, also 
mention i this version uffoe fcrmnk, and Liu Hul IP.* (ca 263), in 
his commentary, gives a hoaucifu] pmof for it. H* dissects die frustum 
or fdftiflrn?, H $- (square pavilion} mto nine pieces tour identical 
pyramids or jwigflu ft -4 (male hones), four prisms or fJdflrfw 
(must svalls), and a rectangular box. al] of whieb combine into a bos and 
a pyranud. Adding the volumes of these toother produces the volume 
of the frustum [opposite, top). 

This proof assumes that we already know the formula for foe volume 
of a square pyramid (sre p%£ hut we can nevertheless use out 
frustum dissection to rediscover this in nn defiant sufoe-bitcs-irs-own- 
tail way (upped a i’ , birtton). 

Other solids' volumes from Liu Hui's commentary are shown below 
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Archimedes’ Theorem 

mysteries of the sphere 


Archimedes proved that the volume of a spliffte is ovo-rbirds rhac ot 
The smallest cylinder containing it f and fH.it it* surface area is the ymt as 
that of the hollow cylinder. So taken was the philosopher with these 
relationships that he had a sphere and its surrounding cylinder Inscribed 
on his mmbstome. 

Opposite WO use Cnvalien’s principle (Ay pdff Jfl} CO denve the 
fiimiLila \fir ' foT the volume of a sphere of radius k and therehy 
confirm Archimedes' line discovery. 

for some real mapic, project every point nf die sphere, except the 
poles, onto another pome on the cylinder, as shown below. Then ii can 
be proved that amv patch on the sphere pen projected onto a patch of 
equal area, on the cylinder. If we then take the parch to be the whole 
sphere, it follows that Lts image is the cylinder, implying Archimedes 1 

second diSCOVCiy. 

j f ive replace the sphere by a glotw ■ project it onto the cylinder, and 
then slice the cylinder open, we find ourselves with a hiphly nsefiil 
equal-atea map of the Earth. 


t 









Inside Out 

two proofs in wedges 

Archimedes demonstrated haw to mathematically kill two birds with 
on tf s-tone by us,in a an ingenious idea to relate the insides and nu.t-.idKS. of 
circles arid i.phc*rs. Here is a dtetL-h of his argument. 

I ir ir }ik dissected [hr diclc of r.idiui r into a bSLIbUber of equal wedge? 
{offioiitr, nyU and attanged them into a roughly rectangular dab. lie 
then observed That tibia eau be done with an svtt increasing number ot 
wedges, and that as cKk iiu tuber of wedges grows, the Jab be comet 
indistinguishable from a rectangle whose -short side h.i? length r and 
whose long tide t-s half the cibrurttfeietbce of [he circle. ThcreEhrc the 
*ren of the tee [angle coincides with that of the d tele, giving the formula: 
it/l it i?jf circle = ; S ■ eimitn|feiwirt if Unit t. 

We arrive at the same result by calculating the urea of the sawtooth 
figure — just note rhnr tube of the “triangles" has ansa ! f ■ hm* frnerJi rand 
that the bases of the monies vLibu to the circumference. 

To derive a similar formula for a sphere of radius r, Archimedes dis- 
serted it into triangular cones whow common vertex is the center ot the 
sphere and whose bases aTe contained m the surface of the sphere 
{apposite.. Mtep). These cones can play the role of the uiangks in the 
sjfwtoorh figure, and since Q~w\n p:yjc 1Z\ the volume isf one of these 
ccnies is ':j ■ base .area ■ / we obtain the formula: 

t-uhniML' of iffhrnr = \ ■ sinfricc iirnj oj splie nr r 
As the grand Jinale, we plug into om-new relationships the formulas 
tor the L-iTi-umfereiicc of a ci rcle of radius r and the volume of a sphere 
of radius r (rev pa-ps l ft) to concl ude that the area Lif the deck js hc 2 and 
that the surface area of the sphere is 4* t - . 

3tl 
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Mathematical Dominoes 

proofs by induction 

fierting up a number of diymiaocs in a row, one domino tor each natural 
mjmh^r, let's mik.e surf th.it ie- domino Topple, i HEN so dews- dominu 
fi + 1 If ive now topple the tint domino, we can be sure that every 
domino will evennully topple ot ti. 

Proof by indruetioi] is the mathematical counterpart uf this insist. 
Kmt 1 , instead of" tho dominoes, wc have an infinite number of state- 
ments. one for each natural number. Here, we can be sure that ill 
statements ire mie if lj u prove thiT the tint statement is true urc<V the' 
truth of statement n implies the truth of statement n - 1. 

The first three rows of dunams foppasTfe) show how the first three 
statements e cures ponding to The following theorem imply uaeh other 
THEOREM: Every 2" by 2” board that has been dented in tme of its 
unit squares can be tiled with L-shapcs made up of three unit squares. 

PRt>OF RV INDUCTION: Since a dented 2 by 2 board is an L -shape 
[^ipesiie, tip) tile theorem is true lor u - I Assuming that statement u is 
mie and considering an arbitrary dented 2"' 1 by 2" 1 board, we quaner 
it and remove three middle squares to create four dented 2 r " hy 2" boards 
(oppwjJf, rmfed- By assumption these fimr boards can be tiled, and the 
four dlinifi extend to hill of the 2** by 2 ri 1 hoatd. QE.D 
IsLntio of the orheT tumbling patterns used in the an of dominn 
toppling also translate into methods of proof In the triangular pattern 
(eppnsflt, fueling), ibr example. the &ont piece topples all other pieces. 
The corresponding method of proof tan be used to show that Pascal's 
triangle. named .ifrer Blaise Pascal (162,1 - is made up of binomial 
eucfEic ictus (sec afro ^2 Jr«f 5-J1 
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The Infinite Staircase 

a proof by regrouping 

A clasMi .1 parados involves a immtwr of identical bricks ch-17 arc stacked 
op o-ii top of j J r 1 4; . ,i;. in tbu diagrams opposite. 1 t is easy to prove ihait 
by- adding more and mote brick? as indicated, we can make die re'-iilting 
staircase protrude is much as WC want. 

A staircase Ot"?l bricks, each Of length 2. plumules a distance of 

1+ i + T + T + - + T 

So. what wt want w de mom trite is tliac the above sum approaches 
infinity as ri does. 

LbuiuF: We first group the n fiime sum .is fiillosss: 

We Fephios every term by a number less than oi equal to Lt to produce 
a new turn that is Iras than l>t equal to die one we started with . and we 
tioriee tliat out substituTt; add up to infinity: 

l + y + y - y + y +-■■ 

This means that the sum we ait chasing is also infinite. Q.E.D. 

Note rhat the staircase also pci? infinitely ulL as it ypow'i infinitely 
blind and tliat actually building Lt gets vety tm:ky vers- East, it! voicing 
closer nnd closer spacing of the bricks 
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Circling the Cycloid 

a proof by dissection 

Start with i regu lar polygon under a Line. mark out of its top turners, 
and start rolling sc along the line Every time Chi polygon comH to re -,1 
on tin: line, indicate the position of' she marked comer by a doc Stop 
when che colored comer again touches the line and conn etc che docs by 
sttatgbc lines (JaeJ^u-, Jt/r) . Dissecting the polygon, it i^uioldy becomes 
clear rbac cite area enclosed by die resulting curve is exac tly diner cimes 
cIlc area of the polygon (appon'ie, tap ) . 

Using i circle instead of* polygon, die rcsolrmi; curve is a cycloid 
:Jn Jnu', rj.Vjij , used lyvirh its relatives) by tlie ancient Creeks co describe 
the orbits nit" the planers. Since & circle ran he approximated by regular 
polygons, chc area endosed by the cycloid is also three times die area or 
cbe circle. 

Die cycloid has many other important properties. For example.. dem- 
onstrating chc formidable power of Ncwcon's and Leibnirs nsw 
in finite simaJ calcoloi, jobaim Bernoulli proved in L 6% chat the cycloid 
is The sohitmo tu tlee difficult classical ' problem, of quickest descent ' 
Thu means char if a particle slides along the cycloid from sine of ics ends 
co a second point, driven by gravity alone, ir does so in less time than 
along any other curve connecting the two points. 

Prude one chv cwo one-glance proofs (uppusire, botitm)'. 
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Slicing Cones 

Dandelin's sphere trick 


Whar kuid of cun'f Ju you pec when you slice a rircwlar cbrte widi a 
plane into an upper and a lower pin? It may seem couirtefintuitivi;, but 
dtis shape will always be an ellipse, that is, the kind of curve you g Kt 
whin you pin chi rwo ends of a pi ace oftheiad to a desk, pull the thread 
taut with a pin and draw a closed curve (fteWj. In ocher wards, an 
ellipse is the si c of all chore points in the pinna die sum of whose 
distances from two fiaed points (the local pomes) is a constant. 

To prcit'e the shting-com* theorem, Germinal Dandelm i. 1 7SM - 1 E i7) 
inscribed two spheres into the cone iliac touch the slicing plane at one 
point each (eppotsiJe, rcyil. fls then observed chat the cor is indeed an 
ellipse with dscst two points as focal points and associated constant the 
dLstinee between chi circles in which the two 5 pbeTes touch the cone 

Similar tricks show that i plane cuts the cone m an ell ipse, u parabola, 
a hyperbola {apposite, bottom} or, if it contains the veitect, a point, a tine, 
or a pair of lines Newton proved that two celestial bodies w-ill always 
uibLt each ocher on one of these con ic sections, c.£., every planer orbits 
the Sun on an ellipse wirh the Sun at on* of the focal points. 
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Folding Conics 

burning mirrors and whispering walk 


Mailt .1 tint on a circular piece of paper. fold a perimeter point unto 
[he doT so produce a crea.-as line, and repeat for various points yn tht 
perimeter, An ellipse will begin ro appear (apjhJUJF, top). 

The proof [hat ch is works hinge* on [he defining ptoperry or ellipses 
Lii [emit of two Local points (sre yuiy and [he property that motivates 
the term ' Loo.lI point' 1 ; I f we make [he inside of an ellipse into a mirror, 
even- !ig]n ray originating at nne nf its, two focal point? will pass through 
rhe other. having been reflected off the ellipse (hrkicv fgfft. This » the 
pnnciple behind burning mirrors and whispering walls. Plat a candle at 
one of die focal paints and its, heat vail focus at the other, whisper in 
one of the focal points of a large elliptical wall and your friend in the 
faraway other fix.iL pome will he able to heir you cknrly. In gcns-ril. 
light Tays tliat miss the focal points envelope ellipses or hyperbolas 
sharing the focal points with the initial ellipse (Mon-, tiewr iW n^e). 

if you replace die circular piece of paper with a rectangular one and 
fold from one of its sides only (eppoiiK, bottom), yem pet part of a 
parabola. Frosn [his. we l^h reconstruct the definition of a parabola 
sn teems of a focal point nnd a line, and see how Archimedes came up 
n ith the idea of a parahoLic array of mirrors focusing the sun m hum 
warships- 
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Knotting Polygons 

a proof b\/ paper folding 


It if* very easy tn construct equilateral triangles, square*. and regular 
hexagons in a largi! number of dilTcrcnc ways. Regular pvuugons. we 
more tricky. bu t here 35 ebt simplest way 10 coilsiukc one. 

Tic a knot into a piece of tape and pull on the end 1 - until the hnot is 
completely flic. Cut off [he cxress tape on both sides and you are left 
with .1 regular pentagon! Why does thsi work? 

Consider twu regular pentagons sharing one side together with a 
piece of Tape running through both of Them (Acton ■. iWt) If we (bid [he 
left pentagon omo the right along the common side, rhe pipeT strip 
will neatly align Itself along ime of the sides of the nghc pentagon 
Therefore, if we keep folding the taps around this pentagon, tec will 
siOvL^aiv- elv define ill its sides and diogiwals. Unwrapping the now 
creased tips and discarding the pentagons, we can finally tie the tape 
into a knot -md flatten it such that no new creases appear. 

The regular polygons with iwore tlian rice sides can also he hnuttfid 
usiiig erne or two paper strips, hut tlic practical execution of these 
eonsttuctkma can get eery awkward. 
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Cutting Squares 

;j fresh look at an aid pattern 

Riraudiu] theorems ate often arrived .ic by coming up with new ways or 
interpreting old patterns hie n whirlwind tour of some cbwae examples 
dating hack 10 the Pythagoreans, I orb etsmider various ways tat diw.*Ltiii|> 
a square array ufirl times ,'l. OT -M". pebhlev. 

The first wry gives che elementary equality »+n + - ■ ■ +n (i? rimes) = « 3 
The second way trjiLS litis in co che surprising tret that che sum or che 
t it a c 1 / odd numbers is equal to ir. For another proof uf this theorem, 
just jimk char che numbers of triatipjes in che columns of tiling ir below 
art the first 1 / odd numbers md that after separaiinp the black and the 
fjjty rnangles {ffpOilR , botlWtt),. we get .l sijuJte of Ir mangles 
Closely related is the rh'id. way of divine tu ill, w hich corresponds to 
the equality (n — 1 !l J + (2 h— 1) ” if 3 . Choosing the odd number 2n—1 to 
be a square, we gvr n Pythagorean cnple (sec put! 1 ' -*)■ For example, 
ehonsitLic 2rJ j I = IS* gores ir = attdi tllel'chiTe 4 4 = 5"- 

One last way of dissecting the square array shows iliac n- is equal to 
the snm tsf the fuse m natural numbers plus che sum of che first pi — 1 
natural numbers. Can you sec how to derive from this .1 formula for che 
sum of die first m natural iiumberv 
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Power Sums 

proofs by double counting 

The marvelous Pythagorean ono-glnmce dksectfoti proof beiow shows 
rhir the sui 1 1 of the tiret rJ ii jcural numbers « half the number of pebble-, 

in Ilu- TiM.Li iL'Ie. ;Jj,'i[ IN. - I 2 . CjtI Kn “iLneli li.iuw IT - - Ixris) 

one of the joints of mathematics. rediscovered this formula at the age of 
ten Asked by hb teacher lo sum up die first um nan.ir.lL number, he 
made '■bon work of the tedious tas^ by observing char 

1 + ]iX> = 2 +99 = . . . = 5U + 51 - KU h 
and that ib ere tore the required sum was 5Tl I LI 1 = 5050. This reasoning 
purresportds to looking carefully jc the rectangle shown below, row by 
row (l+4 = 2- 3 = 5 and the sum is 2 ■ 5 = 1 '» ■ 

The first diagram on page 35 elegantly shows due eh ree imm the sum 
tsf rbe rim n squares ^l-|lllR the number of pebbles sn hie rectangle. that 
is, (2tt + l)( I + 2 + ... + n), 

The second diagram on page 35 demonstrites* dial the sum ol the first 
■. cubes is equal to rbewira of the first n natural numbers squared. 

I nr ibmmhs for the sums of the first II fourth powers, fifth powCK, 
and so on, see page 55. 
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Never-ending Primes 

(i proof by contradiction 

Just -is ever.- object of [he rt.il iv odd cnn be ^plit in a unique way iuto 
ntdLvisibV atoms, every namral number ran akj be written in a unique 
vt a\ ,15 the predutt of indivisibles railed primes (the number L being am 
exception). The eight sifiallesa primes are 2 . A 3 . 7 , II. 13 , 1 and 19 . 
The Sieve of Eratosthenes (opptaixi) is an elegant method for ennKtrucring 
all panics,. 

Euclid’s likti\tnts coma ms the following classic proof by contradiction 
that die world of numbers, unlike the real world, contains infinitely many 
primes 

PROOF 'Hums :itk either finitely sir infinitely many primes. Assume 
chit rfver e are only finitely many and multiply all of them together to form 
a very large integer i\ = 1- d- n ■ 7. . . . Now, since n+ 1 is greater than 
any uf the factors of n it cannot be prime, so one of the factors of it a-lsci 
has to he a factor of ?n- I Bur, if this were so, then (ir+ i) - ir - L would 
also haw the same Qctor. Thri is a contra dirtion, so we conclude chat 
our LL-ssumption of finitely many primes must be false, Heriee there arc 
infinitely many prime numbers. Q.E.IX 

A i’ii fit of primes aire two primes with a difference ot two such at S : 7 
, 1 1 - 1 1 1 . 13. Eternal fame awaits whoever ean pr ove (nr disprove) that 
there are infinitely many twins. 



litcA? .la rtinmpt-., ,'t ; m rh* aiVrv inr . 1 sttiiilkr inti urr ,irf,ir<r Am j .Aft" ir rivj ri'nid 
u j. GmV ,ni its muti^k thf .im-gdijt i'iri ^.T ij.rrtTfrT niiiH i disf i- n,U nr, l’,' J is 5, 
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The Nature of Numbers 

another proof by contradiction 


On the- number Line (JirW), every point represents one of the real 
p umbere that we use for measuring distances, areas, and volumes. By 
dividing die intervals between the integers into two pares,. rkree puts, 
four pam, and so cm, we single out the bctioits. or rations] iivmben. 

Even dw tiniest parch of" the number line contains infinitely many 
rational numbers and 2 L mw therefore seem reasuiubk to expect font 
evert' real number k Tatmiul. The Pythagoreans reputedly sacrificed a 
hecatomb, or tine hundred oxen, to celebrate foe fose-tivery of a proof' 
that v2, rite length of foe diagonal of a unit square, is lrrmrmal, so not 
a normal number. 

Our proof (fjy nnw) is an example of s proof by contradiction, We 
start by assuming that ^2 is rational, This first implies the existence of 
an integer square {a square with integer diagonals and sides) and 
eventually a contradiction ibat is, a siarewnr that is not true. We 
conclude foar our assumption is false. Therefore. V2 is imoonal- 

tn general, ii can also be shown that if a natural number is nnt a 
square, then its sejuarc root is an irrational number. This means font 
infinitely many of the radii of rhe root spiral (oppoiist, fornwn) are 
itrarional Also, it turns out that, in a sense. there are many more 
srratLOtia.1 numbers titan there are rational ones 
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Ti i e GoLDtN Ratio 

nature's favorite number 


U*‘h;it dues a rectangle loot like that is not ttso dam and nut too wide, 

3 rectangle tit.lt looks j US I ngher For ttuilV .llTks JTI'J sck'ntisfr. thi-. age- 
old b canty contest 111’ d dear winner: the SO-ClIlesl golden rectangle 
{Ih’Iliii', Irti) who** ratio of long to short side equals the golden ratio >t> 
[PSii) of diagonal to side in a regular pentagon ripjMCrre. ii*p). 

The golden r.it» is present in many of nature's designs such Jr* le.it 
arrangements and spiral galaxies. For example, if we tike away a square 
front j golden re as nd:.’ (Maw}, we find we are led with another golden 
recr-mgle since & - i ($— ij (cjtpnsrir. rep). Repeating thii process yields 
a spiral of squares that hugs many naturally occurring spirals 

Combining three golden re- tangles at right angles tHppe/fr, cwrJrtli 
their tsveive corner? hecome the coiners of an icosahedron. To prove 
tins, we only have to check tiuL all the triangles in the middle picture 
•itc equilateral, or equivalently, that tiie rwo essentially dithnen t edges of 
these tri.mgjes all hate et]uaJ length. 

This pavss tiie way to a beautifttl construction of an icosahedron from 
an octahedron (oppafijr, Bimmri) where the twelve comas of the former 
divide the twelve edges uf the latter iv tiie :.’ol den ratio. 
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The Numbers of Nature 

the geometry of growth 

A i p n r. l I of squire growing around a umi square as shewn opposite Lett 
consist* of squares the lengths of whose sides ire the Fibonacci numberi 

1 h 1, 2, 5,.8s 13, 21 named after Leonardo Fibonacci (JlTu— 

1250), livery number In The sequence is the sum of the cwo preceding 
it. so That 2 = I -e I, 3 = 1 + 2. S ~ 2 + 3. and so on. 

Fibonacci numbers are cunnerred in many wonderlu] ways. For 
example, the tiJLng of die reeaog^e on The top left djrmoaHteitcs 
that 1--E 1 J + 2 J + 3- — 5- + a-+ 13- = 13- (13-8) - 13-21. In general, die 
sum of the squares of the first ji Fibonacci numbers equals the product 
of che i.'ih and u+Est such numbers. Similarly, the Tiling ot the square 
on the right shows that M + 2 - 1 -3-2 + 5-3 + 6-3 + 13-K + 21-13 - 21- 
This equality also generallies; easily. 

Tie Fibonacci numbrn nftm show iip in the same phenomena as the 
gulden tarie>C& (see JTJ:- and it can be proved that the nth fihomec; 
number is die closest natural number to ^'VtJ' 5. This implies that the 
rectangles we come across when budding mr spu-al of squares become 
indistinguishable from golden rectangles. 

Fibonacci numbers are iiidden in many growth processes. For 
example, the numbers of clockwise and cnnniercloclewise spirals 
apparent in sunflower heads (cppinitr. lCtiny) are usually consycutLs u 
f ihnn.LLLi numbers. Pascal's triangle [vpfiontt, bsmufl) aks grows, here 
io iv by row, with neighboring entries in one row adding up to the 
iiLimber below them. Since die sums of the first two diagonals of this 
mingle are both 1 . and the smtis of any two consecutive diagonals add 
up to the sum of the news, out guidon sequence will appear yet icaa-iti.. 
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Euler's Formula 

a proof by pruning 


A cut diamond is a solid without indentations nil of wlmst facts aye ifat 
pcdyjJonH. Leotlbfiid Euler (] 707- l7H.fl disco vcrod sbe neat tbrmnh chat 
relates the numbers of vertices, edges, and face.- of si«cb n solid 
[ '(tltin’f) + E(dges) “ 2 

For example. in the case of a euhe we count 9 vertices. 6 taocs-. and 
12 odp* and, indeed, V+F-E = 8 + 6-12 = 2. 

I^ROOi-: Sturt by open ing out die network uf vertices and edges ro 
^er a plane picture of the solid {opposite, mp } Ln [be fomt uf a map wish 
she same numbers of vertices, edges. and fares (ibc outside counts as one 
fart). We nonce [bar inserting a diagonal into a face yields n map with 
the same I '+ F- F (djipflsrtr, jwuf ™ tw and so insen diagonals uncil .l 
map cur isisring solely of triangles ls produced. Finally, working around 
rhe outer hordec of rtit map and eliminating one triangle at a time 
Fifyjujrfc\ Iftr-vr mu roil'd) we are left with a map consisting of just one 
triangle (3 vertices. 2 facts, 3 edges). Since at every step tbe valire of V 
■+!■'-£ doe- nor change, then V+F-L = 3 + 2-3 - 2. Q£,l> 

It a also nor bard ro show- (hat Euler’s Lorn so La holds mic fen" any 
connected plane network of vertices and curve segments 
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Possible Impossibilities 

doubting, squaring , and trisecting 

SjoiT.Lbrs (+Ei.y— IkCf.) once Used the HriL LWO diagrams below to show 
how cy double a square, and die onjde of Delphi predicted char a plague 
could be stopped by doubling the eubiL-.vl altar of Apollo. 

In the nineteenth century it was proved that ” doubling a cube" as well 
as the other two notorious geometry problems of "squarmg a circle" and. 
'trisecting a general angle'' are impossible if we icqim-e, like (Ilc ancient 
f iroeks, that we use only a compass and unmarked ruler If. hnivc-vor, we 
tn; allowed to use ocher cook all three ptoblcms can be solved- 

lo square a circle, roll iT Italf a revolution oel a horizontal (o^ipcsue, 
rejj) to eonsemet the bom l; rectangle, which has rise same area as the 
circle Now. using ctmrpass and ruler as Indicated, eunsttucr the square, 
which has exactly the same area as this recra uglc {sre pa$c ?)- 
Atdiimcdes discovered an ingenious method lor trisecting an angle a 
between two intersecting Lines [nppedie, itntet) using a compos and a 
ruler with two marks on it: just draw a circle and align the ruler as in 
the diagram Then tlac angle f is exactly one thud of rite angle o. 

Doubling a square amounts to constructing v2 from I (bffoli-V rijtfllf}, 
and doubling a cube involves construe ring hii from I (npjwmie, berrai n). 
Ju-.t Lei seer and fold the paper -unit square. is indicated. to construct '\ 2 . 
Easy tu describe but tricky to prove. Can you do it? 






tfl ■ l'pT l 1 1 rMldiWi'C i/ir lIi 1 


area c-irit ■ irrr.r nfitsn^tf - n re, r .1 ,i u nr 


rrjt jrmy.Tvir yaw /?- 1 J a - faSr-jeki p anJ ih mW H t- rife ~U* Uif $)}•&■- 
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APPENDIX I 

One; Thiorim, Many Proofs 


Mim hundred ditfetvnl prooft far lAthagpras's thruKUL ifff ■ft h-ivtf bMi’ 
dinot'trtd. E jalkuiod in this □ppiildbf ins sihiis of die mint mgcuku* on«- 

( km fin! pranf [Irfi.- >. hated on ths ^rm' 

diagram .!■’ |hf *tit mil piif: i: 
fdjf qir.iiL’ - smaH ■- 1 T' nr 4 4 nnjiifi'i- 
(a 4 fij v ” i" 3 + J-^ah 
b r 4 {i-' + Jjfi = f- 4 ^rth 

tr + tr ■“ l"^ 



\ similar praif hj«.d 00 tilt diasram snu 
ihe nchc: 

midW f^vvirr + 4 t/iandc - fi^F iijiftire 
ft - 4 )- 4 J-!t jfi = r- 
|i- - Jjfl + n‘ +■ afufi “ a" 3 

** + 9 = t* 





(.srvnrirdo da Vn'ifi (J412-1514) nrstksd that 
thu diidud Areas in chi two di^gnUlh -0*1 
let; fi.r. 1 ; rhr Viiiic area and oath contains 
two fopnt 1 - of tht nflir-injjid nurngk 1 . 
£hsi.’Aidin|{ the u i.iiidli/s pvos tlx theorem 


L naiijjlsc ■. M'i" '.’fT 1 . and .4 l"T art -nc 11 Ur Thin, 
<&&fC= 'SlYT? Jiid or 

^ _ ■tTand . 4C 2 = .?*■ .T* 

Sum up: J4C : 4 ^ + .Wi = jfc 



4B 



A |Wuft>' 'hiririnp. 



.1 i fid 

A pr L". divan tlnii 



Throe nuns proofs }w diSieefouti 



PrijltODy'i ihsceftk says rhai far a quidrilarerjl 
irascritied lb a rink a a' + b 4' — rf d 1 . This reduces to 
LA thdervrar's theorem it'ths qiiidtittmJ is a rsnangt. 
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APPENDIX II 

All for One and One for All 


Halving deeply inlu rife seceetH nf 
nujlhfuutict., cmc gets the feeling ih.u 
everything e stnisehnnv connected K' 
everything eke by a ilfrivcirk ed" 
krtuiliful retansut'iupi-. For eunmple. 
ibe Fibonacci mtnilw 1. S. 2, 3, 5, . . . 
and rtir gulden ratio * = + ! )/! 

appear akingjiffe marry uf die other 
Kipies covered in this ]i((lf hrsui. 
C.;rnntfuSCtio*K with regular figures and 
L'i^ral'i mingle bm already been 
Icjochtd npcui L'jibrr. Here urc iOttK 
more in the theorem -proof st-rfe 
(avor-rtl Lis m athe mafic hint 


I 'HTkiH-rAt I 

*= ,+ it^-\= 

‘ f rr5= 

.PROOF: till lliv Ulfiniti- fraeriiin x. 
Clearly, ji -Ml fx. nr jr- rr— 1 ~ 0- 
Thu equation h*t the aoliiDotLS £• and 
1 -4. Sauce !—£ is negrtirvc Slid both x 
•and ff atf tint, .t equals £>. Q.E.P, 

FlftHf e. just is n.'W... gen appTiiotinLkSd 

by lhr mmibni 1 1. 0 ** . IhW i get! 

i-p pr\i x amj t _ d by the havlKttis 



Tl IEOKEM 2 The is 

iidieje/- ii rfir Nib frkuiacif >.'jjiuUv. 

PROOF: The proof it by induction, is 
di-jiribrJ lii iVlarhematkd CVkillilQet 
berk denote rhi .'lib friction 'j L . We 
tirst note that thf [Ifw renn erf 
our sequence, is indeed = | V ] = J, 
NckL, we aisunue due the nth lcnii 

&« " fu* I f Sir nheri Xr* I - 1 “ ~ 

l+40Lfl=^l+JtMU- W»tbr 

defining equation sjf tluf Fibonacci 
uuiiikort, S\h | +/ ¥ ~/ir+2. 'bit impin'- 

TneldkEM 3: 7Tii- Fibrnmci nrimieb 

rAl 'FTfVi- 



PROOF: lfsa=_£, A^^+Ttben J5n_n -d+*. 
j^-u+Hband i2tf.ri-n))* + 
equals fA"i-(p+b)")” t} i J1 - 

Far iJiuttpLe. ehnaring n - ], Z, and 1 
gives lhr triple H -J-; 5, b 12 1 3. -and. 
lh 30 3d Fnioi die proof it it clear 
iii.ii we cars replace th* HhcimccL 
IKpmbiis by any ■■, h, a+ <?+ 2b, 


SO 


THEOREM -I. 0 n Jw firiinrATqf Iiimififr. 


TliftintM ii: 


Prcof Ai in Tile Nature afNumJur?. 
we Jsmme ihmt S it a Iranian nSbvj 
i»n lunn^tl nutnbt-n. 


fr 





Thus 1 A r hive j pjoltitn regrarWt' ve-rth 
side Ifiiphrt j and k Using the scif- 
] im a Inky pjciperrv uf jrplden jeetanjjJfi 
(sh d(J). '.ve rut off j . j^twee to 
produce inacber ficJJrn rectangle. 
PLepcjdng this fijr the 9uu]lcr jtJiifii 
rfCIfiugk- piadiicn; a chared, aan) jy- tin. 
We notice that thy juk' lengths afihe*j 
Jfalden twyaiigis' fbtm ibr infinitely 
deereasing sequence cif narurtl nannbm 
a > b > j-A :• 2A-.r 5 1 . , 5ince ioy 

dtiTfjsiijjj sequence afnanjul. iiumbyrs 
must end (I heing ihf Lci^ct limni. ihis 
^ j i-itiit-nlr tnir to our assumpeion. 
Hence #is LrrjcintiaJ. (J I- Ii. 

Tbe Liihinr-r espre-isiun 



it the maul part of our formula for the 
value ck" it (!w pup‘ P, Uirvertiy 


4> = 1 1+ll+i'L+fT 


PkiXir tidl th# inhiiiie L-upnettiun j-. 
Then .. Liy-e .iLrVL- cf art. ictlVimi larit.. 
y f V] + jr, ur y 2 - y - I = 0. Thjus 

r=* Q1LJ>. 


IV c lint-kh ut trh aiinrher hcnurilii] 
CDnmecrtun keiy-tcn the Fibonacci 
liihiibcr. aaid 4- 

THEcygnM 6: TV imA / 7 ikcrv.in:i joiiin|jyj- ir 

fn = V W-l). 

pF.wr in iht pruot of Thectnnu J. 
we saw ihajt hmh £r in.l f - I Q utisft- 
the eqiurion a - - - j + ], \y* cunriuit 
tlut ir = fpr I. $ - J#4 I. 

T* = & + ^ “ .3# + 2 Li {cJJikivt by 
ntducikyi slut if' = _£ 0 t f ly ( and, 
similarly, r = t +^_, &iibli*iting 
iTie sisctnid equation Irum the iirsr gives 
P 1 t" = 0 =/,Cdf-l|. Finally, 

dividing both tides gf ( |je ctjeulavei by 
2^-1 giucv the desired fomiuLa. 
Q.EJJ. 

Si|Kv(l-#P " (-O.bia.i...)'' is tiny, the 
nth Fibaiaacri qtiinbyt s. the clnte$r 
njtniil number rci if' f (2#- I J Fur 
fsnmpLc. ^ |h V (2^- Lj - 53.003b... 
arid the LOlii Fibcinum nninher n 35, 
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APPENDIX III 

Looks Can Be Deceiving 


Some of ibt praxafi in :hn mUrvtunL, especially the dissection met aiit.1 tllCS? 
involving inti oily, (unit a lor of detail and realty ■unly try to ciprun: ili^ essence at 
why* m snsycl iiny is creur Many '!"■ I rihenn tvuul.1 cady count us iuU pceiO& sn the eyes 
rif a nutliAT'ii-^tf ii3(i if inure detuh wertc atldfO Hnr art a number of infamous 
LilLicirs eIme use aryuus^nti char ar* very similar to ■eime uiffd ■ n chit bud. 


S 



64 = ft S ~ -iifM Afirun' 

- .iiwr nflmujjfr = 13- 5 — 6$ 

U 



I W — L,V 1 - ” iTM 
- unru a*o,ny;lr = Z]'8 = (6b 


Ib^-IN'ITE insanity: In from Pi? ca Time 
argued stuff the tegular n-£Otw inscribed 
ai t circle appruodinarr ir in r#i>pL'. acid 
rh II bemee thy it drciJi-Yifcicfues jpprcach 
char itf dit- circle. Thffi r- hiac bed rCiym et 
a proof, us (he following faJLicy fhows. 

iffamug with she large ififflifiiffle cm 
lbs' nghr, its diJ:ik-EL-r is approtuunled by 
iCrinCJ EjffETT ■‘ITIjOeT Kllilf ffclrs HanCT 
lhr Ir-ffstfht of die sinngi appnjxunJK 
rhut of the Junior However. every 
string is deucly exactly a-; Lopg -SS ffhe 
Ia.tgc wcuiorcfcs Hence, i sennnrrle i' 
jnsc as long 11 it- diamctfff. W it — 1. 


DtiileTklk l)hff.ETLR; The 1ii« "proof 
by shsaecEinn -Jiou. s chat fs4 = bo. Whar 
gy>es H lt J | v wrong here Ls chat the 
dugmul cm l n she rectangle Off the 
n^-it is nOI really a line as suggested by 
die drawing, buff a ucty rhin quaJn- 
lulfral sbr of Krej oaie. This ' proof " us 
ivell n the nETt li bjffffd nn the £u:e eIue 
the ffi)Lure dji any fibi!ffiK.Ei rlUffiibffr 
dirftr-- by -Otlf IVnm die ptijJiici: of ns 
Ewei Jieighborff. In the CrN "proof '" ihc 
itJuto'C 1 hiff? a cnffiBer UEcnhm the phkriy 
tecunflK, in the KiOiffd it k ihe odiet 
yeiy anmaL 



?<2 


Jtt'UTihT Riyx Iei The lufin iif JiuircjM we nuiiiptjlMed the folhiwing infiniEe itusi 
ffi Ht n’erjld nunipsiLie i niajte unf ro prove that it ffJeb eip iff) infunity. 

1+ ; + j* ! + 5 + j-i+ S + J + iir + iV + 

fl- t diould be CiTrtui tvtien douiirihis. For evjriipte, the fblloiffiiif iurlilar i.uni add: 
up. in a pieciffo ierre. to D.lMJl. . - ]n 2. the natural IntfJEiihm of 2. 

|_lll_i+I_l 4.1 III I . I _ I . 

1 2 * -13 f + 7 a + n Iff + TT TT + 

J3y jern ra-.UTUipnij ttifi bU m. we can "provr" this In Z = ^ (In 2J, or 2 - | 

- \ - ± + L - i + k - A + 4r - ■ 


-n i 


-± + 


1-uen worse, it f*u hr proved rJiai tor iffiy rtj| (Untltfft. tllfrff li a Evamr^nnt ut of 
ihis ieim intei a rum dial iddk ilj |o ibii nuinher. Of courre, all rtiis do*, not niean 
that you eanrioi d<)i i ny thin g me a n ingfid wuh intiiuie est|iressirin^ only (hit vnu hive 
to toUoffi' eert.un ruin. 


l_l?eivff i^ i.ffT T.:t,TqL-"ENt 1 ^ 'tlany proolff thjt there rr± evu rjy fi-.y rcjuljr tolidj. Man. 
Si. vlt did. in our inn rod unwin, b>- stiowlilg that there are essentially five poftiblf 
coniers, and enff by -MiHff retiring tive solids with theie- biiadi of iffimen. Thne 
|sei)(ib ate imomplrre because uheu don't ihoffw ilif uniquenefft of these solids. Jntr 
miapinr hiiUticig a hullove icoyalffodtCffi seaih that adjacent rigjJ ticfi, intoi at iheir 
cdljes in hiiigfi Kow t an you hr nice dial what you trld tip wnch it ncjd? Afier 
alt. an itrfacion every ant of the enrnert cmi be fluffed, 10 whe- not the veholf ihape: 



Hen- k a related qeirnion: [fycu build the skrlrtems of the leguLr scJids titinp eatff d 
ei^jES ixiJff, such disc adjactm edges em he flexed atioui a yoputuein vertex, rheri 
whKh of ibr ikefetcmi are rigid and which art uotf 
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APPENDIX IV 

Triangles op Generality 


Deep r4.-jj.1lu are net usually iisenviHeJ ai-a-pjance but rjihft at a result of a, pnacrw 
tif rvniflerfiuima BramliuJtitm Ju dm ippeuduc, we sketch pari ufsiieh a |trciee*. 
sucalvinp l^istj| L S. rrun[|)e and its relative, the Powfi Tnuigh 



f,e - JiJ- * iir^rtfr + iir fir* Jip - in^+jjr 


TIm^i; | 4 .l‘i>-JjI formulas work for jny L'huict' ot j and. A. Herr ii Iw® Y-rnu diinw a 
pnami fotflliwli for |>-» A| rt ihir work* for any - uid A ji>.I ru rural numkr n 

j frwfr/ - r 

1 ) fa*b) [ - r . t * i i 1 

! 2 t - rtf* + jnfr*iJ4 

J j 3 I fn + 1>}' - t £ + j a 2 6 *3 a F + 1 P 

1 4 ft 4 r (a + b)* ‘ pd H *4tf i ^ + ^Yr i ^* + iTfr J +jJA 

Pascal's triau^C on the left jjmmiarire* the kimiubi on the tight. Can ytni prtn-c 
ihu neb of its encmr- (tut lift <|se tip) is, the *unn of the mmAcn lapln above re? 


(!) 

(!) (J) 

(!) (!) (!) 

(j) W © Cj) 
O 0 (D ep (!) 


Chi page 11, we saw lhi( Pi^d't ici-iHgle co- 
nnitkr wish the raungje an the left. HctC {['j it 
die number of ddftrfnp ways to choose t objects 
among ii objects. which b 1 d i' it reto and 
□then™: t s [fl- 1H"- 3)- ■4!"' 1)^(1 - tt- 

Thu gives die frmnui birinn'iiil Theorem. 

u ■ w - a »" ‘ty ' h :v e- ... cy 
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Jt-bnc fcHlf njitHrc hide in Pucid't i nmgle Far example, an pape 4 J it * saw ihu i b 
mh thaj-eynal JifcU up r* div nth Fibonacci rmnitw,^. We capraa, rliii u follows; 

The strucnire nffttociiTi triangle duie kly jugpesii the 
C 1 ’ 1 ^ Thervreni. Wjulsli(4ii a pttibrluh-ditjir J 
~Te 3CLL pattern af numbers in ihu triangle is in rhe e.wmplet 

^ Dn Inli- The mimhrrs in the hinjh- at the .. luh 
Ai-- "l .XOW-^X “lit up ua i be erne m it. up! Calf eluht with 

Handles ±Jmijf [Itf column im tin- h-ft (li^L. 

v ’ hicej i r-jirfite into thu famnollr 

f iT 7 B&tcTi?T ?r IrT ] ] 

rtw.. *ifams).(f)^ 

M2+ 

( J-I^ stubi eviifi handlft :n the second column 

[Mnalite inm die formula for the turn of the litst h 
a natural numbers (sec eiio ftifti .-fjf .nrn' . P : 

U CJj C.‘- 

3 GS t? & E l + i + ^ + + fj « f u; 1 ^ . nfrjHj )/> 

® 9 9 e s o e & e e- ~ " La/ n i 

I j f j Ll I ht ^e sums Jte called niw^i^iir innnijers because tbtf 

count rhe iliunbe-n of ciscles in die triiufctilu' 
® 4 a fVCIcms on The left. SitiuIktIj-. it tbllows thar the 

@ number, in rhf ri C k t tijlunin are pyijiin.fal iiimrhns. 

'Q En scuctjI, the nunibert in columwi n of Jtasejl's 

■f 'F tnniijde art [hr (ji- I J-ChmeusTariil ptTJiimdal uumberi. 

The Power Tn.ir^qle beluw was Only recently dinsivevei.l. |, lumnuiiaes the gftLcral 
tormulas on rhe rifjhr bdoer. some of ivhirh sit prin- rd on pajte ^4-, This '■riangk- 
grows juw lihc Pascal s except thariTsi have (d mijdfily a niluiber by iusidEn before 
adding it. Fiat dample, io (be fourth cuw. 71 + ]2-J = 50 jml tl ■ } + fr -4 = 60. 


3 33 &so eeetf 


U h 2j 
h ?1 12; ^ 
h 15i 50 j fi> 4 24c 


i r *j^ji 


f*f+y*. + n ,n ' >(*) 

I '*i'*3 r - rQ + 1(5) 

' J + ^ + ■** - r(5)4i(5)^(«) 
Wr.^-lO^tzf^fQ 


I 1 *! 1 *! 1 * .*?/ 




APPENDIX V 

Folytqpes or Analogy 


Ilia bmit >vnh ehe mw'lv ivno- ind chiee-dimciidi'iiul pdniupL-1. die ceynbr 

pnlYgoiu, jnd J'lutmii- -jdiJi We und ir bp ['"I'lrg bov.- inwbigy cm tv uitd 
<nd prrivt.- dv prop mi li ■. ■ f ’“i i ph <T-sl ■ 1 1 1 v 1 1 sio i lyI r-Lj^Jur pobfropi' 

Ba'ji IViLTTUI*.t L/mw rofirdinarn, n * tiiy to n-o elite ehc hriTiJitdioei. culif. emd 
QrfttvT**^ luve ih^ fblloennj; ndulrain fl-dimeruraoa] far n-d) ipiit 


1 A A 


The u-d simjlix I ■ j n a-t-] Birricere. two of 
u4n;1i jit dit emu- dsfunce arm ,lL 1_ - 2-. 

3- u-d jintple x T\ l:r*deted by 2. .1-. 4. 

... i w+] vrfk« of one l» dkncninci"- 


f-tJ-d 



Ttw vefrioei of ■ -d mbr iTV ihe poinrr 

wniti dl l-thu ddijcui, 1 >x -1 A --. 3-, 

n-d otiwhBi J. d, S'-naikn 

J- F d i; Kj-nli-n-J by 2 ll L"uhn of CtK 1 ™ 
ibMtukm. 7 I>! yi.^kT is tfw -l-d cube. 

L ho ivmi ts. of cht mdNpInr icc thr it 
tiid, puinc, of in -t-cS unit iinss. A L-. 2-. 
Jr. . _ . | ■ , r-i .3 orthhpltx has 2 . 4 , A, . _ ■ . 2 p 
ov.tHi«. ind ik bordered by i. 4. H, . . , 2 1 
iioipt. fi of one IrankiitiithirL 


CuuNHCAnOb; liiHwig Mhblli (IS l j-iswi p rowd ih.sc jpiit from ihr rimf*=*. cube, iod 
onhjopV^ ihtit m- chne more ivxi'lir pdhropci in four efaunnkmc ind nn mow in my 
infjirr dinu-ndon. 


Tht repjlsr 1-d polvEipn COCTHpOTid TO 
ibc Iwe wifi of finiqs m Itisi chew 
i dunned itpilir 2 -J pnlyrofei jruund i 
™dn .i7ty.W ImkrtFi n* AdvA&ei 'Tito wiili i pie Hi-fr io fold V into 

Lhird dioicn*i.vn Cnr j»ij[r n^- Tht re|Qilir 
H d pcErtoput tnttfifood co rbe diwayy 

iif iImiiu, ic Itiic lhm idontvil rtjpilar 

3-d potjpnpn secured io tdjp ™ch vp*:t 

.'.x- n -L-T .-Tt.fi., ,:il n-.-Lro,- H-Ji ru-.il kft TO Sjhi 11,1 ono A-d -vx*. 



^ 8 <8 $ 




VITAL STnTlf.TV:v: Tht regjilii .1-d hjvt idfnnciJ wnliis. ]-d n^u-i, ;nd 2'd fac* 

Tht rfjpoLir 4-J pul'TOf Cl jhi- hl¥t .kd ildlf. Tht lluiiibtn. V ('Tjdr«), ftd^j-^. S' 
(fi«!j. C (irolk),//!' rdicei ptr I- trL-: y . ' . r ir j.dl:- pt r «(?<?■ ind i-.T rtelk jin- L^ntx; jrt. 


.’>dJ pJpn^kC 

'v: r i 

* fz 1 

.fr 

■jctrJm^n 

irmpk 

4 4 * 

i 

n±i 

«fHlT 

fi 13 # 

i 

™crrfvii^B 

iribr^fa 

A LZ i. 

* 


ini 1 # 

» A 12 

If 

EllKfauhKbH 

b 1 '*" 

1-2 _w 7* 

J 


±-d n^pripc 

fjih 

! c j- 


1 


•Yr 

KTIF^C 

L-i 

i in 

10 

3 

1 

4 

11-^1 b'I 

'.■br 

^ 2+ 

12 

lit 

3 

A 

nrJ»f4n 

li liiii-Jnii 

14 K 

2a 

1 

■B 


‘■I -d. 

r-niAcdwn 

ia w 

H 

24 

J 

A 

la-iji 


I2u ’J.' 

1 i W Mi 

J 

A 

di 

li IinAnlii.il 

f*t> i avi 

?3f 

L3i 1 


2fi 


[lit iKdd tsiinr- hiv o.iol>' ■! Atocwd from cht infomuciun. on cht nfpndhr p^nns ind. ii ibt 
cast (tf If* J-d pdytcfiti, bim jotut lift muA-b Htct h- how jnsu ounce die himhI™ t/v 
I.clk pur ''cito) for iht 4-d pnlycops by jniloaEV. 


Cow nq i ctfulir i-d pohTopt: :: i t cn j 
vtcett piTi i itifibc polygon ■n-how iidi> 
ilO ithl L Mlj of cht Ll -h jimui.J tin: LVTtiTI, 
Thus, nn rL^ts ^fjvf}YUii - ffi> 

(iucnr^ i iLTfibc 4-d poiycopt eloet tti a 
viTto ut-i.i n crjn.ibr 4-d poTycopo wbojo 

liefi jit 1 1 or uih nr the i tIK around tht 
'tims. Herat. 

m. jf JS piVyLjfr = rfu tf 4-4 p^firjv 

J*'l' if 4-4 lift ™ l' i'L' .f I f- J poTfJiyv 

l bt« itljl ::im p .:m|' . illljii.' oot lodoilCt cht 
cut' of chi- iiffin.ni 4-d potychptn hrt tht 
n«b* J*id rhtrtby iIto chtir i/v. So, tor 
tXiOlpIt. JiiVt lilt 4-d ■■ ill'.' hiA j r-.- rj i h r 'T : : 
cue. ie hi' four ctlk pir vtncs. 



ASA 

cyrruo ,’t-fil im nT 


The nuoibtrs of ctih of ill* ilirci- numixTidicd re jjilir d-d potymp u jn.- built inuo ibtic 
ram.tr. ind no ont-plinct wny co dtduct ditst niuditn Tuj h.i.m ^herowrred, Howtitr. 
oiict wt Jcnhvi ibtvc mirnhtn, cht pile of drt 4-J iiblc rhjc xe* hivt iui ytc icuctitd cju 
be tiuly filled in ctiiigd. iumt suiwb etiiinnrbups inch m; (1} 'he 4-J aniJoipie of dhe liuJer 
tinwTiuU t ■+fL.f , _c=(i ;jecji.yr 441. e?j F - C ficei per ctJL'2 itkI bj- b« md lujyi. (•» 
f _ C- t^t«i ptr cellfetlb. ptr tiUn.- 
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UL^Aa iavtkvn: L jk^ otitafdie Flito"" m*±. ehausy a pnifit onmdi: htf vut. lImi-to 
iIjt center affine ofibv &ari, -nidi tLeui rhii paint petgtrt -Jiclfiiiei af rhe inliJ nrrn 
li e fiat The n.-ajJniMt 2-J. in-ape cannim incm af die nafemuikin ihwn ah*- ii>hd 



; .1 jFrfter srdsAjpis L~iJ,>h J rnuffafttwi 


Py pi-iKiniiit^t ilw jhdli^aut operation Kir il. - rejjnlar H-d potpapey- v-t .imii ji the 
fallttvmtr; jl d im*$et riyiv ihii the lirii rtsier iniapet at-ove piiiniLie u itiow/ ImIdw 
The piaprriaii* nt dir I Jl>- jud tJ < i-ceTI Jie rita 1.1:1™^* ia be ecprckluEri hen 



€ jossruL'LiifiN: Cjonifrurtin; ik= *-d kj i'i i :■:. ardicplex. and rah v it vavv, .and eve eiu 
ma1.< ihs fiihft ivjpilir ]inlvtopri from ihe^e ttanijid imn- £ Jn pjpf JL wc nonwrurced 
dn irvwhLdrfiiLiKimdiL'fiL’Lihi*™ and^ di^tvjhedHiiiciiibeniKnhBd ua Jmirin the 
icvruhedfijn i A r L ■ i ■ -. ws;lul null |h.n die midpoints sjt'ihe li-: e-*- cfihv s-aymlan: ihevercifei 
itf" diac firv. TTiij pvir. all the I'Ll umv -kdidt-. 



iiiihira kmier nv r'Vfi.Mb vriJ; 


Ibe iiudpiHrat af ibs fert’i- * 4-d Lube ip; the vettirer of -a J'l-vd*- U-v dfciLeL-inw it- 
fiLiahedml crilj *5 de'oLhbed on pope. -11. t»e jtet '>6 pnmii uad ll iLOiihivki Far each 
■ ;J1; h itv-kihedciHi then, is a pomi in 4-tl a die urne dinar* frnifi all iQ vnrtrv) *■ die 
iLOiihL-drdl Lttpe ferijjh Thin die 2-1 puma ram-Tnndiiij to rhr iL-Hitaliedra plui the '>6 
pnenis are the vertk ls af a. l j .i. l tad I Fenallyv a? ] r 20-arll ■ .■■: l>e i lei i.tj t' l- J j> a dual imo 
tbr bIHl-Liett fche midpoint! afihe crUnTfdie eeeflod me die venicn afdie Srat), 




